Let ( P,V) be an irreducible imprimitivity system for a group H based on a dual group Â of an Abelian group A and acting on a Hilbert space H. Given H, we find necessary and sufficient conditions in order that the set of vectors
I. INTRODUCTION
It is well known that a large class of continuous frames is defined in terms of squareintegrable representations U of locally compact groups G by means of the equation
Gg‫ۋ‬U g H, ͑1͒
where H is the Hilbert space carrying the representation U and is any nonzero vector belonging to the domain of K U Ϫ1/2 , where K U is the formal degree of U. The space labelling the frame is the group G endowed with a left invariant Haar measure G l . As a consequence of the properties of square-integrable representations, 1 the above frames are tight and the frame bound can be computed using the orthogonality relation
͘. ͑2͒
where aA and hH. 
͑3͒
and the corresponding frame is labeled by the points of the topological direct product AϫH with the product measure A r H r . The structure of the above relation suggests the possibility of defining frames by means of Eq. ͑3͒ also in the case that H acts on Â without preserving the composition law of Â .
The need to consider the above classes of frames is due to the fact that there are groups G of interest in the applications, as the Euclidean group, the Galilei and Poincaré groups, that are semidirect products, but do not admit square integrable representations.
In this paper, we consider two locally compact second countable ͑lcsc͒ groups A, H such that A is Abelian and H acts on Â , the dual group of A, and an irreducible imprimitivity system ( P,V) for H based on Â and acting on a Hilbert space H. We assume that the orbits of H in Â are locally closed, so that, due to the theorem of Mackey about imprimitivity systems, see, for example, Ref.
2, there is a one-to-one correspondence between the equivalence classes of irreducible imprimitivity systems ( P,V) and the couples (X,͓m͔), where X is an orbit in Â and ͓m͔ is an equivalence class of irreducible representations of the stability subgroup at a fixed x 0 X. Hence, we can ͑and we do͒ associate the maps defined by Eq. ͑3͒ with the couples (X ,͓m͔) instead of ( P,V).
In Sec. III, we prove that the set of vectors given by Eq. ͑3͒ is a frame for some H if and only if the Haar measure of Â restricted to X is not singular with respect to the H-quasi-invariant measures on X and m is a square-integrable representation. Moreover we show that these frames are tight, that their frame bound can be computed by a generalized orthogonality relation and we characterize the set of admissible vectors. We stress that, with our assumptions, we have to show these last properties since orthogonality relations are not proved to exist for imprimitivity systems, but only for square-integrable representations. In the particular case that H preserves the group law of Â ͑so that, by duality, it is defined the semidirect product AϫЈH͒ we obtain the results of Ref. 3. In Sec. IV, we restrict ourselves to the case of imprimitivity systems such that A and H are Lie groups and the stability subgroup H 0 is compact and we consider the sets of vectors of the form
where J is the set of the first n numbers with the counting measure c ͑n is the dimension of the Hilbert space where m acts͒ and q is any measurable section from the quotient space H/H 0 to H. We prove that, with a suitable choice of the vectors i , the above set is a tight frame labeled by the points of the space (AϫHϫJ) endowed with the measure A r H r c . In the literature there are attempts to define frames by the equation
where G 0 is a closed subgroup of G, q is a suitable section from the quotient space G/G 0 to G and the frame is labeled by the points of G/G 0 endowed with a G-quasi invariant measure ͑in this case U is called square-integrable modulo a coset space͒, see Ref. 4 and references therein. Nevertheless, there are no general results on the square-integrable representations modulo a coset space and one has to prove for each representation both the fact that the set given by Eq. ͑4͒ is a frame and that the frame is tight with an equation for computing the frame bound. In the examples we give in the final section we show that the frames defined by Eq. ͑4͒ are particular cases of our procedure, so that our results provide a rigorous and general framework to this class of frames. An alternative approach to this problem can be found in Ref. 5 .
In the following section we introduce the mathematical notations and we give some preliminary results, as standard reference we use Ref. 2.
II. MATHEMATICAL PRELIMINARIES
Let X be a locally compact second countable Hausdorff topological space. We denote by K(X) the vector space of continuous functions with compact support on X, by B(X) the Borel -algebra of X and by M (X) the Banach space of complex measures on B(X).
By lcsc group G we mean a locally compact second countable Hausdorff topological group. We denote by G a right invariant Haar measure and by ⌬ G its modular function.
Let A be an Abelian lcsc group. We denote by Â the dual group of A. Let F be the Fourier transform on M (Â ) defined as
The same symbol F denotes the Fourier-Plancherel operator on L 2 (Â , Â ). We choose the Haar
Let G be a lcsc group and X be a lcsc continuous G-space. We denote the action of gG on xX by g͓x͔, the G-orbit of xX by G͓x͔ and the stability subgroup of G at x by G x .
We recall the following standard results about transitive G-spaces. Lemma 1: Let G be a lcsc topological group and XϭG͓x 0 ͔ a transitive G-space.
͑1͒
There exists a regular section based on x 0 , i.e., a measurable map q from X to G such that q͑x 0 ͒ϭe, q͑x͓͒x 0 ͔ϭx ᭙xX and, for any compact set K in G, the set ͕q(g͓x 0 ͔) : gK͖ has compact closure in G. ͑2͒ There exists a strongly quasi-invariant measure on X, i.e., a Radon measure such that
where is the cocycle of , i.e., it is a continuous function from GϫX to ͑0, ϱ͒ satisfying ͑g 1 g 2 ,y͒ϭ ͑g 1 ,g 2 ͓y͔͒ ͑g 2 ,y͒, g 1 ,g 2 G, yX,
͑3͒ Two strongly quasi-invariant measures on X are mutually absolutely continuous and the corresponding density is a continuous positive function.
The following lemma is a particular case of the Mackey-Bruhat formula, which allows us to compute the integrals on G as integrals on G/HϫH, where H is a closed subgroup of G, see Ref.
3 for an elementary proof based on the fact that G is a second countable space.
Lemma 2: Let G be a lcsc group, XϭG͓x 0 ͔ be a transitive G-space and G x 0 be the stability subgroup at x 0 . Given a strongly quasi-invariant measure and a regular section q based on x 0 , define ␤:XϫH→G x 0 as the map ␤͑x,h͒ϭq͑x͒h, xX, hG x 0 .
Then the map ␤ is an isomorphism of measurable spaces and the image measure of
under the map ␤, is a Haar measure of G.
By Hilbert space we mean a complex separable Hilbert space with scalar product ͗•,•͘, linear in the first argument. We use the word representation to mean a continuous unitary representation of G acting in a Hilbert space H. If a representation U is square-integrable, we denote by K U the corresponding formal degree.
Finally, we recall the notion of square-integrability modulo, a coset space ͑see Ref. 4 and references therein͒.
Let G be a lcsc group, X a transitive G-space and U an irreducible representation of G acting in a Hilbert space H. The representation U is said to be square-integrable modulo X if there exist n nonzero vectors 1 ,..., n H and a section q from X to G such that
is a frame over the space (Xϫ͕1,...,n͖, c ), where is a strongly quasi-invariant measure on X and c the counting measure on ͕1,...,n͖.
III. FRAMES ON A DIRECT PRODUCT
Let H be a lcsc group and A an Abelian lcsc group such that H acts continuously on the dual group Â of A. Let M be the direct topological product M ϭAϫH, endowed with the measure M ϭ A H .
Let x 0 Â and XϭH͓x 0 ͔ be the corresponding orbit. We assume that X is locally closed in Â . Fix a strongly quasi-invariant measure on X with cocycle and a regular section q from X to H based on x 0 .
Let m be an irreducible representation of the stability subgroup H 0 at x 0 . Define X as the restriction of Â to X ͑since X is locally closed, X is a Radon measure͒ and ( P,V) be the imprimitivity system based on Â for the group H acting in HϭL 2 (X,,K) as
where xX, aA, hH, EB(Â ), and L 2 (X,,K 
We are now in position to state the main result of the paper. We give necessary and sufficient conditions on the imprimitivity system in order that the set of admissible vectors for ( P,V) is not void. Moreover, we show that the corresponding frame F is tight, i.e., ␣ϭ␤, and its frame bound ␣ can be computed by means of a sort of orthogonality relation, as Eq. ͑2͒.
Theorem 1:
There is H such that F is a frame in H over (M , M ) if and only if and X are not disjoint and m is a square-integrable representation of H 0 .
This theorem is a consequence of the following proposition. Let
be the decomposition of with respect to X given by the Lebesgue-Radon-Nikodym theorem where f is non-negative and measurable. Defined ␥:X→(0,ϱ) as
the following result holds.
if and only if the following conditions hold:
͑a͒ m is a square-integrable representation of H 0 ͑we denote by K m its formal degree͒;
Remark 1: We observe that ͑1͒ the measure defines uniquely the density f, hence also ␥, up to a -negligible set; ͑2͒ the function ␥ is invariant, up to a positive constant factor and a -negligible set, if we change with another quasi-invariant measure; ͑3͒ the condition that and X are not disjoint implies that X (X)Ͼ0.
where h is the canonical extension to Â of the complex measure on X having ͗(V h )(x),(x)͘ K as density with respect to . Applying Fubini theorem and taking into account that A is unimodular, the condition
is equivalent to the following two conditions.
͑1͒ For H -almost all hH the function
. Using a standard result on Fourier transform ͑see, for example, Theorem 31.33 of Ref. 6͒ and the fact that the Fourier-Plancherel operator is unitary, the two conditions above turn out to be equivalent to the following.
This last equation shows that the above conditions are in fact equivalent to ͑a͒ For H -almost all hH and s -almost all xX,
Denoted by P the orthogonal projection on the singular part s , we claim that the first of the above conditions is equivalent to the fact that Pϭ0. Indeed, the first condition implies that for H -almost all hH, for all EB(Â ) and for -almost all xX
hence, by integration over X and taking into account the fact that the map h‫ۋ‬V h is continuous with respect to the strong operator topology, one has that, for all hH and for all EB(Â ),
Since 0 and ( P,V) is irreducible, it follows that Pϭ0. The converse implication is evident. Taking into account Eq. ͑10͒, one obtains the following conditions:
Fixed hH, performing the change of variables x→h͓x͔, these conditions are equivalent to
Again by Fubini theorem and, fixed xX, performing the change of variables h‫ۋ‬hq(x) Ϫ1 , the above conditions turn out to be equivalent to
. Finally, using Lemma 2 to compute the integral in the variable h and Fubini theorem, the last conditions are equivalent to ͑1͒ Pϭ0, ͑2͒ for -almost all x,yX the function
. The equivalence of these last four conditions to the ones contained in the statement of the proposition is now consequence of the properties of the formal degree operator, see 
Since is a regular measure, we can always assume that C is compact. Moreover, due to the fact that m is square-integrable, there is vK, v 0, such that vDom In particular, the restriction X of the Haar measure Â to X is a strongly quasi-invariant measure, so that in Eq. ͑10͒ s ϭ0 and f can be chosen continuous and strictly positive.
The proof of the corollary is based on the following standard results on the Lebesgue measures. We recall that, if M is a manifold of dimension n, a Radon measure on M is said to be a Lebesgue measure if for each chart (U,) the image under of the induced measure U is equivalent to the restriction of the Lebesgue measure of R n to (U) with a C ϱ density. Proof: As a consequence of Theorem 1, there is H such that F is a frame in H over (M , M ) if and only if m is a square-integrable representation of H 0 and there is a measurable subset C of X such that (C)Ͼ0 and Â (C)Ͼ0. So, we can assume, without loss of generality, that Â (X)Ͼ0. Under this assumption, we show that the restriction X of Â to X is quasiinvariant. Indeed, by means of a standard result of Lie groups, the orbit X is a ͑locally closed͒ submanifold and, since Â is a Lebesgue measure and (X)Ͼ0, then dim Xϭdim Â , i.e. X is open in Â , and X is a Lebesgue measure ͑with respect to the manifold X͒. By the results referred above, the claim is now evident.
The statement of the corollary is now clear. ᮀ
The same conclusion can be proved if we assume that the action of H on Â preserves the composition law of Â .
Corollary 3: Let H and A be lcsc groups with A abelian such that the action of H on Â satisfies
and the corresponding orbits are locally closed. There is H such that F is a frame in H over (M , M ) if and only if Â (X)Ͼ0 and m is a square-integrable representation of H 0 . In particular, the restriction X of the Haar measure Â to X is a strongly quasi-invariant measure, so that in Eq. ͑10͒ s ϭ0 and f can be chosen continuous and strictly positive.
The proof is based on the following Lemma, see, for example, Ref. 3, for the proof.
Lemma 3: For any hH and EB(Â ) we have
where : H→(0,ϱ) is a continuous group homomorphism.
Proof of the corollary:
Arguing as in the proof of the previous corollary, we can assume, without loss of generality, that Â (X)Ͼ0. Hence, due to the above Lemma, the measure X is a strongly quasi-invariant measure on X. The thesis in now evident. ᮀ We observe that, if Eq. ͑12͒ holds, the frame ͑9͒ is associated in a natural way with a square-integrable representation. Indeed, since the action of H on Â satisfies ͑12͒, by duality, H acts also on A in such a way that h͓a 1 ϩa 2 ͔ϭh͓a 1 ͔ϩh͓a 2 ͔, hH, a 1 ,a 2 A, and the set M acquires a structure of a lcsc group with respect to the group law
To stress the structure of group, we denote M by G in the following.
By definition, the group G is the semidirect product of A and H, and the measure A H is a right invariant Haar measure. Moreover there is a one-to-one correspondence between the irreducible imprimitivity systems ( P,V) and the irreducible representations U of G, explicitly given by
where U a ϭ͐ Â ͗x,a͘dP(x), aA. As a consequence, the fact that there is H such that the map F given by Eq. ͑9͒ is a frame is precisely the fact that U is a square-integrable representation of G and, hence, Corollary 3 characterizes completely the square-integrable representations of groups that are semidirect products with an Abelian normal factor. 
IV. FRAMES ON A QUOTIENT SPACE
In this section, we assume that A is an Abelian Lie group and H is a Lie group acting smoothly on Â , the dual group of A. Fix x 0 Â and an irreducible representation m of the stability subgroup H 0 at x 0 . Let X ϭH͓x 0 ͔ be the orbit of x 0 ͑as usual we assume that X is locally closed͒ and K the Hilbert space where m acts. We suppose that ͑1͒ the stability subgroup H 0 is compact; ͑2͒ the orbit X of x 0 has positive measure with respect to the Haar measure Â of Â .
From these assumptions one has the following properties.
͑1͒
The stability subgroup H 0 is unimodular and we can normalize the Haar measure H 0 in such a way that H 0 (H 0 )ϭ1. ͑2͒ The orbit X admits an H-invariant measure , which is equivalent to the restriction X of Â to X. Let f be the continuous and positive function from X to R such that ϭf X , so that the cocycle of X is ͑h,x͒ϭ f͑x͒ f͑h͓x͔͒ , xX, hH ͑since is invariant the cocycle of is the identity͒. ͑3͒ The Hilbert space K, in which the representation m acts, is finite dimensional, so we can assume that KϭC n . Moreover, the representation m is square-integrable and the corresponding operator of formal degree is proportional to the identity. Let ( P,V) be the imprimitivity system for H based on Â and acting on HϭL 2 (X,,C n ) whose equivalence class corresponds to (X,͓m͔). If q is a regular section from X to H based on x 0 , then the system ( P,V) is explicitly given by Eqs. ͑6͒-͑8͒.
Choose ⌿K(X),⌿ 0, and define from X to C as
the integral being finite since ⌿ has compact support, f is continuous and H 0 is compact. Taking into account that H 0 is unimodular, for all sЈH 0 and xX ͑sЈ͓x͔͒ϭͱ͑sЈ,x͒͑x͒. ͑14͒
Indeed, we have
Moreover, since H 0 is compact and ⌿K(X), still K(X) and, recalling that the cocycle of is equal to 1, one has that
Finally, let e 1 ,...,e n be the standard basis of C n , J be the set of the first n numbers and c the corresponding counting measure.
Corollary 4: With the above notations, the map
AϫXϫJ͑a,x,i ͒‫ۋ‬V q͑x ͒ U a ͑ e i ͒H is a tight frame in H over (AϫXϫJ, Â c ), with frame bound ␣.
Proof: Let V 0 and U 0 be the representations of H and A corresponding to the choice of the trivial representation m 0 of H 0 (K 0 ϭC). Since , defined as above, satisfies Eq. ͑15͒, then
is a tight frame in L 2 (X,) over (AϫH, Â H ), with frame bound ␣. Now, let be any vector in H. Then, by the fact that ͑16͒ is a frame, it follows that:
Now, using the Mackey-Bruhat formula in order to compute the integral on H as an integral on XϫH 0 , we have
At this point, recalling that we have set H 0 (H 0 )ϭ1, we can perform the integral over H 0 ; thus, we obtain that
Then, since ͕e 1 ,...,e n ͖ is the canonical basis in C n , we find
The thesis is now evident. ᮀ
V. EXAMPLES
In this section we apply the previous results to some specific groups that are considered in the literature.
A. The causal group
Let G be the causal group, namely the semidirect product
where S0 0 (3,1) is the connected component with the identity of the Lorentz group and R * ϩ is the multiplicative group of strictly positive real numbers. This group has been considered in the context of wavelet electrodynamics. density f (p)ϭʈ pʈ Ϫ4 with respect to dp ͑according to Corollary 3, the singular part s of with respect to dp is zero͒, SL(2,C)ϫR * Ϯ is unimodular and the formal degree of the representation D j is proportional to the identity, then
B. Lorentz invariant frames
It is well known that the Poincaré group does not admit square integrable representations, so that there are no frames given by Eq. ͑9͒, which, obviously, are invariant with respect to the full Poincaré group. Nevertheless we can define frames that are invariant with respect to the Lorentz group by means of the imprimitivity systems for the Lorentz group based on R 3 . The action of the Lorentz group on R 3 is defined by identifying, as a manifold, R 3 with with the massive orbit in the momentum space
These kinds of frames were introduced by means of suitable representations of the Poincaré group that are square-integrable modulo a coset space, see Ref. 4 and references therein. As usual we consider the universal covering group HϭSL(2,C) of the connected component SO 0 ͑3,1͒ of the Lorentz group. We denote by SL(2,C) a Haar measure of SL(2,C), which is a unimodular group, and by L the covering homomorphism from SL(2,C) onto SO 0 ͑3,1͒.
Let A be the Abelian Lie group R 3 . As usual, we identify the dual group P 3 of A with R 3 by means of the Euclidean scalar product. Define the diffeomorphism m from R 3 onto X m as
The space P 3 becomes a transitive H-space with respect to the smooth action
with hSL(2,C) and p ជ P 3 . We recall the following facts about P 3 as an H-space.
͑1͒
The H-invariant measure on P 3 is m ϭ dp ជ
with density f (p ជ )ϭ1/ͱm 2 ϩp ជ 2 with respect to the Lebesgue measure dp ជ of P 3 .
͑2͒
The stability subgroup at the origin 0 ជ is H 0 ϭSU(2), which is compact. ͑3͒ The set ͕D j ͖ given by Eq. ͑17͒ is a set of inequivalent representations of SU͑2͒.
Fixed jϭ0, 
where p ជ P 3 , H j , hH, a ជ A and q is any regular section from P 3 to H.
We observe that the formal degree of the representations D j is proportional to the identity and that
since H is unimodular and m is invariant. By means of Corollary 2 and Corollary 1, if A j , where
then the map
is a tight frame over (R 3 ϫSL(2,C),da ជ SL(2,C) ) with frame bound
Moreover, we notice that the measure m is an H-invariant measure on P 3 with density
with respect to the Lebesgue measure dp ជ and we define J as the set of the first n numbers and c the corresponding counting measure.
Let (e i ) iϭ1 2 jϩ1 be the standard basis of C 2 jϩ1 and ⌿K(P 3 ). Define by means of Eq. ͑13͒, then, as a consequence of Corollary 4, the map
These classes of frames were introduced in Ref. 4 by the use of an irreducible representation W of the universal covering group G of the connected component of the Poincaré group such that W be square integrable modulo a section. We now show the relationship between the two constructions.
Consider first the frame ͑18͒ and define T as the subgroup of the time translations, i.e.,
Then, the manifold AϫH is diffeomorphic to the space of left cosets G/T and it becomes a transitive G-space. One has that the map c: AϫH→G given by 
where aR 4 , hH, pP 3 , and H j . Comparing the form of W m, j with the one of U j and V j , it follows that
Hence, we can conclude that, given any A j , the representation W m, j is square integrable mod. (R 3 ϫSL(2,C),c,) and that the frame ͑18͒ coincides with the one defined in Ref. 4 . Now consider the frame ͑19͒. The space AϫP 3 is a transitive G-space with respect to the action
where bR 4 , hSL(2,C), a ជ A, p ជ P 3 and pr A is the canonical projection from R 4 to A, i.e.,
Observe that ͑1͒ the stability subgroup at (0 ជ ,0 ជ ) is TϫЈSU͑2͒, where T is the subgroup of the time translations and, since SU͑2͒ does not act on T the semidirect product is in fact a direct product; ͑2͒ a continuous section from AϫP 3 to G is q͑a ជ,p ជ͒ϭ͑q͑p ជ͓͒͑0,a ជ ͔͒,q͑ p ជ ͒͒; ͑3͒ the G-invariant measure is da ជ m .
Hence one has that
Since the map ͑19͒ is a frame, then the representation W m, j is a square-integrable modulo (A ϫP 3 ,q m ,e 1 ,...,e 2 jϩ1 ).
C. The Galilei group
We now consider a class of frames that are invariant under the homogeneous Galilei group. Let VªR 3 and dv ជ be the corresponding Lebesgue measure. Let SU͑2͒ be the universal covering of the rotation group in R 3 and SU͑2͒ be the corresponding normalized Haar measure. The group SU͑2͒ acts on V by means of the covering homomorphism ␦ and we can consider the semidirect product,
The group H is unimodular with Haar measure dv ជ SU͑2͒ .
Moreover, let AϭR 3 and P 3 be the corresponding dual group identified with R 3 by means of the Euclidean scalar product. The corresponding Lebesgue measures are denoted by da ជ and dp ជ , respectively.
Fixed mR, m 0, the space P 3 is a transitive G space with respect to the nonlinear transitive smooth action of H
͑20͒
The measure dp ជ is H-invariant and the stability subgroup H 0 at 0 ជ is SU͑2͒.
As in the previous case, for each jϭ0, 1 2 ,1,..., the couple (P 3 ,͓D j ͔) defines two classes of frames in the Hilbert space H j ϭL 2 (P 3 ,dp ជ ,C 2 jϩ1 ). Indeed, let
where a ជ A, hH, p ជ P 3 , H j and q: P
3
→H is a section for the action of H on
Indeed, by Corollary 2, for any nonzero H j , the map
is a tight frame in H over (AϫH,da ជ SU͑2͒ ) with frame bound ʈʈ 2 . It is easy to prove that two frames of the type ͑21͒ corresponding to the same value of j and to the same analyzing vector , but differing for the value of the mass m 0, are unitarily equivalent.
Moreover, let (e i ) iϭ1 2 jϩ1 be the standard basis of C 2 jϩ1 , J the set of the first n numbers, and c the corresponding counting measure. Given ⌿K(P 3 ), define by means of Eq. ͑13͒, then, as a consequence of Corollary 4, the map
is a tight frame in L 2 (P 3 ,dp ជ ,C 2 jϩ1 ) over ͑AϫP 3 ϫJ, da ជ dp ជ c ͒. In this particular case, one can check by direct computation that in Eq. ͑22͒ any vector L 2 (P 3 ,dp ជ ) can be used to define a frame. As in the previous example, we can show that the above frames can be obtained using a ͑projective͒ representation of covering group G of the full Galilei group which is square-integrable modulo a section. Let W m, j be the ͑projective͒ representation of G associated with the Galilei invariant quantum particle of mass m and spin j ͑for an explicit description of this representations see, for example, Ref. 11͒, then one can show, as in the case of the Poincaré group, that W m, j is square integrable modulo the left coset space G/T ͑where T is the subgroup of the time translations͒ since the map ͑21͒ is a frame and that W m, j is square integrable modulo the left coset space G/(TϫЈSU͑2͒͒ since the map ͑22͒ is a frame.
D. The Weyl-Heisenberg group
Let us consider the (2nϩ1)-dimensional Weyl-Heisenberg group H n , which is the group associated with the canonical quantization of a classical mechanical system.
Fixed nN, nϾ0, let TϭR and A n ϭV n ϭR n be the usual vector groups, then the Lie group H n is the manifold TϫA n ϫV n with the composition law
The group H n is the semidirect product of the Abelian group TϫA n and the group V n , whose action is given by
where the dot denotes the Euclidean product. Identifying the dual group PϫP n of TϫA n with TϫA n itself by means of the Euclidean product, the dual action of V n on PϫP n is given by
Then, the V n -orbits in PϫP n are the following:
͑1͒ for all p ជ R n , the singleton orbits O 0,p ជ ϭ͕͑0,p ជ ͖͒;
͑2͒ for all hR, h 0, the orbits
Since all the orbits are closed, according to Corollary 3, the group H n does not have squareintegrable representations. Nevertheless, fixed h 0, the orbit O h is canonically identified with P n , which is the dual group of R n , so that we can use our procedure to define frames associated with irreducible imprimitivity systems for the group V n based on the transitive V n -space P n .
Since the stability subgroup at 0 ជ P n is the identity, we have only the couple (P n ,I) and it defines a class of tight frames in HϭL 2 (P n ,dp ជ ). Indeed, let
where p ជ P n , H, u ជ V n , and a ជ R n , and observe that the Lebesgue measure dp ជ is clearly invariant with respect to the action ͑23͒.
Hence, since V n is unimodular and its Haar measure is du ជ , it follows from Corollary 2 and Corollary 1 that for any nonzero vector H, the map namely, the frames F h 1 and F Ј h 2 are unitarily equivalent. Moreover we notice explicitly that, for nϭ3 and hϭmR ϩ , the frame F h is exactly the frame ͑22͒ over the coset space G/(T ϫSU(2)), where G is the Galilei group, with the choice jϭ0.
Also in this case, the frames F h can be defined in terms of a representation of the group H n that is square-integrable modulo a coset space. Indeed, for sake of simplicity, fix hϭ1 and let W be the irreducible representation of H n acting on HϭL 2 (P n ,dp ជ ) as
The left coset space H n /T is clearly diffeomorphic to A n ϫV n , so that A n ϫV n turns out to be a H-space where the action is explicitly given by ͑ ,a ជ ,u ជ ͓͒͑a ជ Ј,u ជ Ј͔͒ϭ͑a ជ ϩa ជ ,u ជ ϩu ជ ͒ ͑ ,a ជ ,u ជ ͒H n , ͑ a ជ Ј,u ជ Ј͒A n ϫ n .
One can easily check that the map q: A n ϫV n ͑a ជ ,u ជ ‫͑ۋ͒‬ u ជ ͓͑0,a ជ ͔͒,u ជ ͒ϭ͑ a ជ •u ជ ,a ជ ,u ជ ͒H n is a smooth section and da ជ du ជ is an invariant measure on A n ϫV n . Finally, for any H, we have F ͑ a ជ ,u ជ ͒ϭW q(a ជ ,u ជ ) .
Thus, since, for any nonzero vector H,F is a frame over the measured space (A n ϫV n ,da ជ du ជ ), it follows that W is square-integrable mod(A n ϫV n ,q;). Moreover, one can show that, for nϭ3, if the analyzing vector is chosen to be a Gaussian function, the family of vectors
is nothing but the classical canonical family of coherent states associated to the quantum harmonic oscillator.
